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Abstract
Quantum canonical transformations corresponding to the action of the unitary operator eiǫ(t)
√
f(x)p
√
f(x)
is studied. It is shown that for f(x) = x, the effect of this transformation is to rescale the position
and momentum operators by eǫ(t) and e−ǫ(t), respectively. This transformation is shown to lead to the
identification of a previously unknown class of exactly solvable time-dependent harmonic oscillators.
It turns out that the Caldirola-Kanai oscillator whose mass is given by m = m0e
γt, belongs to this
class. It is also shown that for arbitrary f(x), this canonical transformations map the dynamics of
a free particle with constant mass to that of free particle with a position-dependent mass. In other
words, they lead to a change of the metric of the space.
It is well-known that in quantum mechanics the unitary transformations of the Hilbert space corre-
spond to the canonical transformations of the classical mechanics. Unfortunately, these quantum canonical
transformations have not been usually discussed in most textbooks on quantum mechanics. The purpose
of this note is to study a class of canonical transformations, namely
U := exp
[
iǫ(t)
2
{f(x), p}
]
= exp
[
iǫ(t)
√
f(x) p
√
f(x)
]
, (1)
and demonstrate their utility in solving the Schro¨dinger equation for a class of time-dependent harmonic
oscillators. In Eq. (1), x and p denote position and momentum operators, respectively, { , } stands for
the anticommutator of two operators, and f and ǫ are arbitrary functions.
Let us first recall the effect of a general time-dependent quantum canonical transformation U = U(t)
on the Hamiltonian H = H(t) and the time-evolution operator U = U(t), i.e., the relations
H(t)→ H ′(t) = U(t)H(t)U†(t)− iU(t) U˙†(t) , (2)
U(t)→ U ′(t) = U(t)U(t)U†(0) , (3)
where a dot means a time-derivative and h¯ is set to unity. These equations are direct consequences of
the requirement that the Schro¨dinger equation
H(t)U(t) = i U˙ (t) , U(0) = 1 , (4)
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must be preserved under the action of U . Note that under a time-dependent quantum canonical trans-
formation the Hamiltonian undergoes an affine (non-linear) transformation. Hence, unlike the dynamics,
i.e., the Schro¨dinger equation, the energy spectrum is not preserved.
Next let us study the effect of the transformation induced by (1). In order to compute the transformed
Hamiltonian H ′, one must first explore the effect of U on the position and momentum operators. A rather
lengthy calculation shows that
x→ x′ := U x U† = F1(x) , (5)
p→ p′ := U p U† = 1
2
{F2(x), p} =
√
F2(x) p
√
F2(x) , (6)
where
F1(x) := eǫ(t)f(x)
d
dx x , F2(x) := f(x) eǫ(t)f(x)
d
dx f−1(x) .
In the derivation of these formulae use is made of Baker-Campbell-Hausdorff Lemma:
eABeA = B + [A,B] +
1
2!
[A, [A,B]] + · · · ,
and the identities
[{f1(x), p}, f2(x)] = −2if1(x) d
dx
f2(x) ,
[{f1(x), p}, {f2(x), p}] = {f3(x), p} , f3(x) := −2if21
d
dx
(
f2
f1
)
,
where f1 and f2 are arbitrary functions.
In view of Eqs. (2), (5) and (6), one has:
H ′ = H ′(x′, p′; t) = H(x′, p′; t)− ǫ˙(t)
2
{f(x), p} . (7)
Now let us concentrate on a subclass of quantum canonical transformations of the form (1) corre-
sponding to the choice f(x) = x. In this case, Eqs. (5), (6), and (7) reduce to
x→ x′ = eǫ(t)x , p→ p′ = e−ǫ(t)p , (8)
H → H ′ = H(x′, p′; t)− ǫ˙(t)
2
{x, p} . (9)
For a Hamiltonian of the standard form
H =
p2
2m
+ V (x) , (10)
the latter equation leads to
H ′ =
p2
2me2ǫ(t)
+ V (eǫ(t)x)− ǫ˙(t)
2
{x, p} . (11)
Hence the transformed Hamiltonian is not of the standard form (10). It can however be put in this form
by the canonical transformation defined by
U ′ = exp
[−i
2
(ǫ˙me2ǫ)x2
]
, (12)
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This leads to
x→ x′′ = x, p→ p′′ = p+me2ǫǫ˙x , (13)
H ′ → H ′′ = p
2
2me2ǫ
+ V (eǫx) +
1
2
[
d
dt
(me2ǫǫ˙)−me2ǫǫ˙2
]
x2 . (14)
In particular for a harmonic oscillator, with V (x) = mω2x2/2, one has:
H ′′ =
p2
2me2ǫ
+
1
2
[
d
dt
(me2ǫǫ˙) +me2ǫ(ω2 − ǫ˙2)
]
x2 . (15)
Note that here the mass m and frequency ω may depend on time, i.e., m = m(t), ω = ω(t).
Next let us choose ǫ(t) = ln[m0−m(t)]/2, for a positive constant m0, so that me2ǫ = m0. This choice
leads to a harmonic oscillator with constant mass m0 and a frequency:
Ω :=
√
ǫ¨− ǫ˙2 + ω2 , (16)
namely one has:
H ′′ =
p2
2m0
+
1
2
m0Ω
2x2 . (17)
Requiring Ω to be independent of time, one can exactly solve the Schro¨dinger equation for H ′′ which
is now time-independent. Transforming back the solution of the Schro¨dinger equation for H ′′ using the
canonical transformation U ′′ := (U ′U)† and Eq. (3), one then finds the exact solution of the Schro¨dinger
equation for the original harmonic oscillator. Thus the requirement Ω = Ω0 = const. corresponds to a
class of exactly solvable time-dependent harmonic oscillators. The solution of the Schro¨dinger equation
for time-dependent harmonic oscillator has been the subject of research since 1940’s, [1, 2, 3]. But for
arbitrary choices of mass m(t) and frequency ω(t) a closed expression for the time-evolution operator is
not yet known.
Next let us re-express the condition Ω = Ω0 in terms of m and ω. This leads to
ǫ¨− ǫ˙2 + α2 = 0 , α :=
√
ω2 − Ω20 , (18)
or alternatively
ω =
√
Ω20 +
m¨
2m
−
(
m˙
2m
)2
. (19)
Hence, according to the above argument, the time-dependent oscillators whose mass m and frequency ω
satisfy (19) are canonically equivalent to the time-independent harmonic oscillator (17) with Ω = Ω0.
Next let us consider the case where the frequency ω is constant. Then Eq. (19) can be easily integrated
to yield
m(t) = m0
(
µeαt + νe−αt
)2
, (20)
where µ and ν are constants. Clearly, the Caldirola-Kanai oscillator [1] whose mass depends exponentially
on time, i.e., m = m0e
γt belongs to this class of oscillators. In fact, Colegrave and Abdalla have
considered using the canonical transformation (8) to treat the oscillators with time-dependent mass
and fixed frequency, and in particular the Caldirola-Kanai oscillator, [3]. However, they perform the
canonical transformation within the classical context and then quantize the Hamiltonian. Fortunately
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the Hermiticity requirement determines the quantum Hamiltonian uniquely. Hence the lack of knowledge
about the precise unitary transformation corresponding to this canonical transformation does not play
much of a role in their analysis.
It should be emphasized that the choice f(x) = x only determines a small class of quantum canonical
transformations of the form (1). As it is seen from Eqs. (5) and (6) the transformations induced on the
position and momentum operators depend in a complicated manner on f(x). Some other choices of f(x)
for which these transformations can be calculated in a closed form are
f(x) = x2 :

 x → x
′ = x1−ǫ(t)x
p → p′ = [1− ǫ(t)x] p [1− ǫ(t)x]

 for ǫ(t)x < 1
f(x) = e−λ(t)x :


x → x′ = 1λ(t) ln
[
eλ(t)x + ǫ(t)λ(t)
]
p → p′ =
√
1 + ǫ(t)e
λ(t)x
λ(t) p
√
1 + ǫ(t)e
λ(t)x
λ(t)

 for ǫ(t)λ(t) < 1
, (21)
where λ is a positive real-valued function of time. As seen from these formulae, the effect of these
canonical transformations on the kinetic part p2/2m of the Hamiltonian is to make the mass m to also
depend on the position. This is precisely what happens when one considers a free particle moving on a
line with a nontrivial metric g. In this case the quantum Hamiltonian is given by [4]
H = 1
2m
[
g−1/4p g−1/2p g−1/4
]
. (22)
It is uniquely determined by the classical Hamiltonian Hc = p2/(2mg) and the self-adjointness require-
ment with respect to the measure
√
gdx.
In view of Eqs. (22) and (6), one can easily infer the fact that under the canonical transformations
(1) a free particle in IR with the trivial metric (g(x) = 1) is mapped to a free particle in IR with a
metric g = [F2]−2. The converse of this statement is also true in the sense that for an arbitrary metric
g = g(x; t), there is a canonical transformation of the form (1) which maps the problem to the ordinary
one-dimensional free particle problem provided that one can solve the pseudo-differential equation
f(x) eǫ(t)f(x)
d
dx f−1(x) = F2(x) = [g(F1(x); t)]−1/2 =
[
g(eǫ(t)f(x)
d
dx x; t)
]−1/2
for f(x). For the examples listed in (21), one has
f = x2 ⇐⇒ g = [1− ǫ(t)x]−4 ,
f = e−λ(t)x ⇐⇒ g =
[
1 +
ǫ(t)eλ(t)x
λ(t)
]−2
.
The quantum canonical transformations of the form (1) play an important role in finding exact
solutions of the Schro¨dinger equation for the class of time-dependent harmonic oscillators defined by (19).
They may also be used to show the canonical equivalence of the one-dimensional quantum mechanics of
a free particle with position (and time) dependent mass with that of a free particle with constant mass.
The direct generalization of the analysis presented in this article to higher dimensions should not be
difficult. In particular, one might study the implications of the results for the quantum dynamics of a
free particle moving on a manifold with a nontrivial metric1.
1Note that here a nontrivial metric means gij 6= δij .
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